INTRODUCTION {#SEC1}
============

Cells belonging to distinct tissues in a multi-cellular organism possess exactly the same genome, yet the DNA sequence is expressed differently. This is made possible by the establishment of lineage-specific epigenetic patterns (or 'landscapes')---the heritable marking of post-translational modifications (PTM) on histones and of methylation on DNA ([@B1]--[@B8]). Epigenetic patterns are robust, as they can be remembered across many rounds of cell division ([@B1],[@B2],[@B7],[@B9]--[@B11]). At the same time, they are plastic and dynamic. They can adapt in response to external stimuli ([@B1],[@B9],[@B12]--[@B14]), and they are affected by disease and ageing ([@B15],[@B16]). Additionally, many biochemical marks encoding the epigenetic information can turn over rapidly and are lost during DNA replication ([@B17],[@B18]). For example, acetyl groups on histones have half-lives \<10 min ([@B17],[@B19]), methyl groups on histones change during the period of one cell cycle ([@B17],[@B20],[@B21]) and DNA methylation is modified during development ([@B16]). The turnover may originate from histone replacement/displacement during transcription ([@B7],[@B17],[@B22],[@B23]), replication ([@B7],[@B18],[@B24]) or from stochastic PTM deposition and removal ([@B25]--[@B27]).

Our goal is to develop a biophysical model that can reconcile the reproducible and robust formation of heritable yet plastic epigenetic landscapes across cell populations in the face of the rapid turnover of the underlying histone marks. In particular we will be interested in models which can yield 'epigenetic domains', by which we mean 1D stretches of similarly-marked histones which tend to be co-localised in 3D and co-regulated ([@B28]--[@B32]). \[Note that in the context of our model, the terms histone marks, chromatin states and PTM will be used interchangeably.\]

Existing models describe changes of PTMs in one-dimension (1D) or through effective long-range contacts; they yield smooth transitions between stable states and weak (transient) bistability ([@B25],[@B26],[@B30],[@B33]--[@B39]). In contrast, our model explicitly takes into account the realistic structure and dynamics of the chromatin fibre in 3D (Figure [1](#F1){ref-type="fig"})---crucial elements for the spreading of histone marks *in vivo* ([@B11],[@B40]--[@B45]).

![Polymer model with dynamic epigenetic patterns. (**A**) In our coarse-grain polymer model, each bead represents a group of nucleosomes and its colour captures the predominant epigenetic mark. (**B**) Epigenetic marks are dynamic. They can change between red, blue or grey (no mark) according to biophysical rules. For example, a red bead can be thought of as an inactive Polycomb state (marked by H3K27me3) while a blue bead as a heterochromatic segment (marked by H3K9me3). The precise nature of the marks does not affect the qualitative behaviour of this generic model. In the Voter-like dynamics, each bead must go through the unmarked state (gray) before changing to the opposite colour ([@B26]). Each bead is selected at rate *k*~R~ (see text and SM) and, (**C**) with probability α, it changes its colour 'closer' to that of a randomly chosen 3D-proximal bead (in this case the one circled in yellow, see also SM). (**D**) The same bead has probability 1 − α to undergo a random colour conversion (in this case to red, see SM). (**E**) The synergy between 3D chromatin dynamics, bridging due to (implicit) binding-proteins/TFs and epigenetic recolouring gives rise to dynamic structures such as loop/rosettes and cis/trans contacts which drive (cis and trans) epigenetic spreading (indicated by red/blue arrows, see text).](gkx1200fig1){#F1}

From the physical perspective, accounting for realistic 3D interactions (e.g. the formation of loops and trans-contacts driven by the binding of bi- and multi-valent transcription factors) triggers 'epigenetic memory' ([@B7],[@B8]), i.e. stability of the epigenetic patterns against extensive perturbations such as DNA replication ([@B46]). Within this framework, the possible 'epigenetic phases' of the system are either disordered (no macroscopic epigenetic domain is formed) or homogeneous (only one histone mark spreads over the whole chromosome). Thus, no existing biophysical model can currently predict the spontaneous emergence of multiple heritable epigenetic domains starting from a 'blank' chromatin canvas ([@B46]).

Here, we propose a model for the *de novo* formation, spreading and inheritance of epigenetic domains that relies solely on three elements. First, we assume a positive feedback between multivalent PTM-binding proteins ('readers') and other proteins which replace such marks ('writers'). This captures the well-known observations that, for instance, HP1 (a reader binding to heterochromatin) recruits SUV39h1 (a writer for H3K9me3 ([@B47])), and that the Polycomb-Repressive-Complex PRC2 (a reader) contains the enhancer-of-zeste EZH2 (a writer) that spreads H3K27me3 ([@B9],[@B17],[@B46],[@B48],[@B49]). Second, we assume the presence of genomic bookmarking (GBM) factors, typically transcription factors that can bind to their cognate sites and remain dynamically associated with chromatin through mitosis ([@B50]). Examples of such GBMs include Polycomb-Group-Proteins (PcG) ([@B11],[@B51]--[@B53]), and Posterior-Sex-Combs (PSC) ([@B54]) bound to Polycomb-Response-Elements (PREs) in *Drosophila* ([@B11],[@B41],[@B53],[@B54]), GATA ([@B55],[@B56]) and UBF ([@B57]) in humans and Esrbb ([@B23],[@B58]) and Sox2 ([@B50],[@B59]) in mouse. Here, we will use the term transcription factor (TF) to include both activators and repressors. Third, we assume that the recruitment of read-write machineries is coupled to specific GBM binding. These three assumptions allow our model to reconcile short-term turnover of PTM with long-term epigenetic memory and plasticity. Finally, we show that our model can quantitatively recapitulate the distribution of H3K27me3 mark seen in Drosophila cells *in vivo*.

MATERIALS AND METHODS {#SEC2}
=====================

A polymer model for dynamic epigenetic patterns {#SEC2-1}
-----------------------------------------------

To capture the dynamic nature of epigenetic landscape due to PTM turnover and histone displacement ([@B17],[@B58]), we enhance the (semi-flexible) bead-spring polymer model for chromatin ([@B62]--[@B70]) by adding a further degree of freedom to each bead. Specifically, each bead -- corresponding to one or few nucleosomes (choosing a different coarse-graining leaves our result qualitatively unaffected) -- bears a 'colour' representing the instantaneous local chromatin state (e.g., H3K9me3, H3K27me3, H3K27ac, etc., see Figure [1](#F1){ref-type="fig"}(A)), which can dynamically change in time according to realistic biophysical rules ([@B25],[@B26],[@B46]) (see Figure [1](#F1){ref-type="fig"}(B)). This is in contrast with previous works that only accounted for static epigenetic patterns via co-polymer modelling ([@B30],[@B65],[@B71],[@B72]).

We first consider a toy model in which beads may be found in one of three possible states: grey (unmarked), red (e.g. Polycomb-rich) and blue (e.g. heterochromatin-rich). \[A more realistic model will be discussed later\]. Beads bearing the same histone mark are mutually 'sticky', indicating the presence of implicit bridging proteins ([@B17],[@B65],[@B67]), and can thus bind to each other with interaction energy ϵ (see Figure [1](#F1){ref-type="fig"}(E)). All other interactions are purely repulsive. The natural time-scale for our simulations is the Brownian time τ~Br~ = σ^2^/*D* which is the typical diffusion time for a bead of size σ. As discussed in the SM, this time can be estimated as τ~Br~ ≃ 10 ms which is equivalent to considering a nucleoplasm viscosity of η = 150 cP and a bead of size σ = 30 nm ([@B46]).

The action of writer proteins is modelled through 'recolouring' moves occurring at rate *k*~R~; here, we set *k*~R~ = 0.1 s^−1^ which is close to typical timescales for acetylation marks ([@B19]). In selected cases, we have also employed a faster recolouring rate of *k*~R~ = 10 s^−1^ to ensure faster convergence to steady state (see SM for details on simulations and time-mapping).

Our model couples reading and writing as follows. First, a bead is selected randomly. Next, with probability α, it recruits a neighbour from spatially-proximate beads (within *r*~c~ = 2.5σ, where σ is bead size). The colour of the first bead is then shifted one step 'closer' to the colour of the second (Figure [1B](#F1){ref-type="fig"} and [C](#F1){ref-type="fig"}). Otherwise (with probability 1-α), the bead undergoes a noisy conversion to one of the other colours (see Figure [1D](#F1){ref-type="fig"} and SM for further details).

This re-colouring scheme encodes a purely non-equilibrium process and it is akin to a 'voter' or 'infection-type' model ([@B25],[@B26]). In SM, we describe a 'Potts' recolouring scheme which can be arbitrarily tuned either in- or out-of-equilibrium ([@B46]). Both schemes couple 1D epigenetic information along the chromatin strand to 3D folding. Both drive a positive feedback loop between readers (which bind and bridge chromatin segments) and writers (which can change the underlying epigenetic pattern). Strikingly, both strategies lead to qualitatively similar behaviours, in which cis/trans contacts, globules and rosettes (Figure [1E](#F1){ref-type="fig"}) spontaneously emerge and drive the spreading of histone modifications. To simplify the presentation of our results, and because the observed behaviours are similar, we choose to report in the main text the findings obtained via the 'infection-type' model. This model may better capture the one-to-one nature of the chemical reactions required for the deposition (or writing) of histone marks (see SM for more details).

RESULTS {#SEC3}
=======

The phase diagram of the system entails epigenetic memory {#SEC3-1}
---------------------------------------------------------

We first map the phase diagram obtained by varying the 'feedback' parameter *f* = α/(1 − α) and the attraction energy ϵ/*k*~B~*T* between any two like-coloured beads. A more realistic model accounting for different attractions between 'Polycomb-rich' and 'heterochromatin-rich' beads is considered later.

Figure [2A](#F2){ref-type="fig"} shows that there are four distinct phases predicted by our minimal model. First, at small α and ϵ/*k*~B~*T*, the fibre is swollen and epigenetically disordered (SD). At large α and ϵ/*k*~B~*T*, the system is in the compact epigenetically ordered (CO) phase. These two states are separated by a discontinuous transition, signalled by the presence of hysteresis and coexistence (see SM). The discontinuous nature of the transition is important because it confers metastability to the two phases with respect to perturbations in the parameter space. In addition, perturbing a compact heterochromatin-rich state by extensively erasing PTM marks (e.g. during replication) fails to drive the system out of that epigenetic state ([@B46]); in other words, the global epigenetic state is remembered across genome-wide re-organisation ([@B9],[@B46]).

![Phase Diagram: Chromatin states and epigenetic memory. (**A**) The phase diagram of the system in the space (ϵ, *f* ≡ α/(1 − α)) displays four distinct regions: (i) swollen-disordered (SD); (ii) compact-ordered (CO); (iii) swollen-ordered (SO) and (iv) compact-disordered (CD). The thick solid line represents a first-order transition between the SD and CO phases, whereas the dashed lines signal smoother transitions between the regions. (**B--E**) Representative snapshots of the stable states, which resemble conformations of chromatin seen *in vivo*. The CO phase may be associated to globally-repressed heterochromatin, the SO phase to open transcriptionally-active euchromatin, and the the CD phase to 'gene deserts' characterised by low signal of PTMs and collapsed 3D conformations ([@B28],[@B29],[@B60],[@B61]). The first-order nature of the SD-CO transition entails 'epigenetic memory' ([@B8]), and the CO phase is robust against extensive perturbations such as the ones occurring during replication ([@B46]).](gkx1200fig2){#F2}

The two remaining regions of the phase diagram (Figure [2A](#F2){ref-type="fig"}) are (i) an ordered-swollen phase (SO), observed at large α but small or moderate ϵ/*k*~B~*T*, and (ii) a compact-disordered phase (CD), found at small α and large ϵ/*k*~B~*T*. Our simulations suggest that the transitions from, or to, these states are smooth and unlike that between the SD and CO phases.

We highlight that the first order line (black thick line in Figure [2A](#F2){ref-type="fig"}) entails hysteresis (see SM, [Supplementary Figure S3](#sup1){ref-type="supplementary-material"}) and robustness of the states against small perturbations in the parameter space. On the other hand, a pathway that brings, for instance, a CO state into a SD one passing through the SO region, crosses continuous lines. Such a pathway in the parameter space may be a valid model to describe a change of identity of a cell, for instance during reprogramming. While this is an appealing avenue, we leave its exploration for future work as it requires a more detailed mapping between the recolouring rules of real systems and our parameter space.

Polymer simulations of the minimal model capture realistic chromatin conformations {#SEC3-2}
----------------------------------------------------------------------------------

Intriguingly, some of the phases in the phase diagram in Figure [2](#F2){ref-type="fig"} correspond to structures seen in eukaryotic chromosomes. Most notably, the compact-ordered phase provides a primitive model for the structure of the inactive copy of the X chromosome in female mammals; this is almost entirely transcriptionally silent, and this state is inherited through many cell divisions ([@B2]).

The compact-disordered phase is reminiscent of 'gene deserts' (or black chromatin ([@B28],[@B60])). This is a state without a coherent epigenetic mark which tends to co-localise in 3D, possibly due to the linker histone H1 ([@B28],[@B60],[@B73]). Finally, the swollen-ordered phase is reminiscent of open and transcriptionally-active chromatin ([@B61],[@B74],[@B75]).

In this simplified model, feedback between readers and writers leads to unlimited spreading of a single histone mark in both ordered phases (CO and SO, see Figure [2](#F2){ref-type="fig"}) ([@B46],[@B76]). Although near-unlimited spreading of silencing marks is seen in telomere position effects in yeast ([@B40]) and position-effect variegation in *Drosophila* ([@B77])), this minimal model cannot recapitulate the existence of multiple epigenetic domains, or 'heterogeneous' epigenetic patterns.

A biophysical model for genomic bookmarking {#SEC3-3}
-------------------------------------------

We now introduce genomic bookmarking (GBM) to account for heterogeneous epigenetic patterns, coexistence of heritable epigenetic domains and active/inactive (A/B) compartments ([@B31],[@B32]). A bookmark is here considered as a TF (activator or repressor) that binds to a cognate site and recruits appropriate readers or writers (see Figure [3A](#F3){ref-type="fig"}).

![GBM shapes the 1D epigenetic pattern and the 3D chromatin conformation. (**A**) At the nucleosome level, GBM is mediated by a TF that binds to its cognate site and recruits read/write machineries that spread the respective histone mark to 3D-proximal histones (here PRC2 spreads H3K27me3). (**B--D**) We consider a chromatin fibre *L* = 1000 beads long, starting from an epigenetically random and swollen condition with ϕ = 0.1, equivalent to one bookmark in 150 nucleosomes at 3 kb resolution and we fix *f* = 2 and ϵ/*k*~B~*T* = 0.65. GBM is modelled by imposing a permanent colour to some beads along the fibre. Cyan and orange beads denote bookmarks for blue and red marks, respectively. Plots show kymographs (left column), average contact maps (central column) and typical snapshots (right column) for different bookmarking patterns (shown at the end of kymographs and cartoons above). Contact maps are split into two: the upper triangle shows a standard heat-map quantifying the normalised frequency of contacts between segments *i* and *j*, whereas the lower triangle shows an 'epigenetically-weighted' one in which each contact is weighted by the type of beads involved (+1 for blue-blue contacts, --1 for red--red and 0 for mixed or grey--grey). (**B**) A clustered GBM pattern yields well-defined epigenetic domains which coalesce into A/B compartments (*k*~R~ = 0.1 s^−1^). (**C**) Alternate GBM maintains the chromosome in a swollen-disordered state (*k*~R~ = 10 s^−1^). (**D**) Random GBM creates stable and coexisting locally-compacted structures (indicated by the arrowheads) without generating long-range contacts (*k*~R~ = 10 s^−1^). See also Suppl. Movies 2--4 to appreciate the dynamics of the model.](gkx1200fig3){#F3}

A mechanistic model of how bookmarks might guide the re-establishment of the previous epigenetic patterns after mitosis remains elusive ([@B16],[@B50],[@B56],[@B78]). Here, we assume that GBMs are expressed in a tissue-specific manner and remain (dynamically) associated to chromatin during mitosis ([@B50],[@B54]). Then, on re-entering into inter-phase, they can recruit appropriate read/write machineries and re-set the previous transcriptional programme.

In our polymer model, we account for bookmarks by postulating that some of the beads cannot change their chromatin state (Figure [3A](#F3){ref-type="fig"}). Thus, a red (blue) bookmark is a red (blue) bead that cannot change its colour, and otherwise behaves like other red (blue) beads. In Figure [3A](#F3){ref-type="fig"}, a bookmark is indicated by an orange square that binds to DNA (rather than a PTM) and recruits read/write machineries (e.g. PRC2), which then spread a histone mark (e.g. H3K27me3) to the neighbours ([@B2],[@B5],[@B17],[@B79]).

It is important to stress that, in these polymer simulations, spreading of a colour is driven by the local increase in the density of that color. Indeed, bridging drives like-colour attractions and increases the probability that a random bead will be 'infected' by a 3D-proximal bead bearing that mark. The choice of which mark dominates the local spreading is decided via symmetry breaking and we thus bias the local concentration of marks by introducing DNA-bound enzymes, i.e. bookmarks (see [Supplementary Movie 1](#sup1){ref-type="supplementary-material"}).

GBM drives stable coexistence of 1D epigenetic domains and shapes the 3d chromatin organisation {#SEC3-4}
-----------------------------------------------------------------------------------------------

We now consider a chromatin fibre where a fraction ϕ of beads are 'bookmarks' and analyse how their spatial distribution affects the epigenetic patterns in steady state. We consider three possible GBM distributions as follows: (i) *Clustered*: bookmarks are equally spaced along the fibre; the colour alternates after every *n*~c~ consecutive bookmarks (*n*~c~ \> 1 defines the cluster size). (ii) *Mixed:* same as clustered, but now colours alternate every other bookmark (*n*~c~ = 1). (iii) *Random:* random bookmarks are placed along the fibre while the fraction ϕ is kept constant.

Figure [3B](#F3){ref-type="fig"}--[D](#F3){ref-type="fig"} shows the results for ϕ = 0.1 and a chromatin fibre *L* = 1000 beads long. This correspond to about 3 Mb, or 1.5 × 10^4^ nucleosomes, for a coarse graining of 3 kb per bead, i.e. a fibre with approximately one bookmark every 150 nucleosomes. Simulations are initialised with the chromatin fibre in the swollen-disordered phase and non-bookmarked regions contain equal numbers of red, blue and grey beads.

The clustered distribution of bookmarks (Figure [3B](#F3){ref-type="fig"}) reaches a stable epigenetic pattern with blocks of alternating colours (domains). On the contrary, the mixed bookmark distribution hinders domain formation, and the fibre remains in the SD state (Figure [3C](#F3){ref-type="fig"}). Remarkably, random bookmarks also yield domains in 1D (Figure [3D](#F3){ref-type="fig"}), even in the absence of any correlation between the location of bookmarks.

Importantly, we highlight that the bookmarking pattern affects 3D structure. Thus, in Figure [3C](#F3){ref-type="fig"} and [D](#F3){ref-type="fig"}, both the random and mixed patterns yield swollen or partially-collapsed fibres, even though the parameters used normally drive the system to a collapsed phase. \[Note that our parameter choice accounts for the fact that the critical ϵ(*f*) marking the SD-CO transition decreases with *L*.\] For the random distribution, the contact map exhibits locally compact structures with coherent epigenetic marks (see arrowhead in Figure [3D](#F3){ref-type="fig"}) while long-range interactions between like-coloured domains are supressed. This result is in marked contrast with equilibrium models with static epigenetic pattern ([@B30],[@B72])). On the other hand, for clustered bookmarks, red and blue domains separately coalesce in 3D (macro-phase-separation), to give a checker-board appearance of the contact map (Figure [3B](#F3){ref-type="fig"}) reminiscent of the pattern formaed by A/B compartments in Hi-C maps after suitable normalisation ([@B31],[@B80]).

We highlight that these patterns are achieved independently of the chosen initial configuration. As shown in the SM ([Supplementary Figure S4](#sup1){ref-type="supplementary-material"}), a system initialised from deep into the collapsed-disordered phase (reminiscent of condensed mitotic chromosomes) leads to the same 1D pattern of marks and 3D organisation found in Figure [3](#F3){ref-type="fig"} at large times.

A critical density of bookmarks is required to form stable domains {#SEC3-5}
------------------------------------------------------------------

We now ask what is the minimum density of like-coloured bookmarks needed to form stable domains. To address this question we systematically vary bookmark density and perform simulations with clustered patterns (Figure [3B](#F3){ref-type="fig"}) as these are the most effective way to create domains. Here, ϕ varies from 0.01 to 0.1 for a chain with *L* = 1000. To facilitate the analysis, we fix the domain size at 100 beads (300 kb), which is in the range of typical HiC domains ([@B31],[@B32],[@B80]). We set the system to be in the collapsed-ordered phase, i.e. ϵ/*k*~B~*T* = 1 and *f* = 2 and quantify the efficiency of domain formation by measuring the probability that bead *i* (1 ≤ *i* ≤ *L*) is in a 'red' state, *P*~red~(*i*). If ideal regular domains are formed along the fibre (i.e. if all beads have the intended colour, that of the closest bookmarks) then *P*~red~(*i*) would be a perfect square wave Π(*i*) (Figure [4](#F4){ref-type="fig"}, caption). The fidelity of domain formation can then be estimated as χ = 1 − Δ^2^, where Δ^2^ is the mean square deviation (variance) between *P*~red~(*i*), measured in simulations, and Π(*i*), i.e. $\documentclass[12pt]{minimal}
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![A critical density of bookmarks is required for stable domain formation. (**A**) Using the clustered pattern of bookmarks at different densities ϕ, we quantify the deviation from a 'perfect' block-like epigenetic pattern. To do this we define the 'fidelity', χ, as 1 − Δ^2^ where Δ^2^ = *Var*\[*P*~red~(*i*), Π(*i*)\], i.e. the variance of the probability *P*~red~(*i*) of observing a red bead at position *i* with respect to the perfect square wave $\documentclass[12pt]{minimal}
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We observe (Figure [4A](#F4){ref-type="fig"}) that the system displays a phase transition near the critical density ϕ~c~ ≃ 0.04. For ϕ \> ϕ~c~, stable domains are seen in kymographs and χ ≃ 1. For ϕ \< ϕ~c~ instead, a single mark takes over the whole fibre. Near ϕ = ϕ~c~ = 0.04 there is a sharp transition between these two regimes in which domains appear and disappear throughout the simulation (see kymograph in Figure [4B](#F4){ref-type="fig"}).

The critical density ϕ~c~ corresponds to about 1 or 10 nucleosomes in about 400 as not all nucleosomes coarse-grained in a 'bookmark bead' need to be bookmarked. We argue that, crucially, not all the genome must have this critical density of bookmarks, but only regions required to robustly develop a specific domain of coherent histone marks in a given cell-line.

Biasing epigenetic landscapes with asymmetric interactions {#SEC3-6}
----------------------------------------------------------

Thus far, we have considered symmetric interactions between like-coloured beads. In other words, red-red and blue--blue interaction strengths were equal. However, such binding energies may differ if mediated by distinct proteins. Consider the case where red and blue marks encode Polycomb repression and constitutive heterochromatin, respectively. If the blue-blue interaction is larger than the red-red one, the thermodynamic symmetry of the system is broken and the blue mark eventually takes over all non-bookmarked regions (Figure [5A](#F5){ref-type="fig"}). However, if there are bookmarks for the red mark, they locally favour the red state, whereas the stronger attraction globally favours the blue mark. This competition creates an additional route to form stable domains as exemplified in Figure [5A](#F5){ref-type="fig"} and [B](#F5){ref-type="fig"}. Here, red bookmarks (identified by orange beads) are concentrated in the central segment of a chromatin fibre. Starting from a swollen and epigenetically disordered fibre, where red, blue and grey beads are equal in number, we observe that blue marks quickly invade non-bookmarked regions and convert red beads into blue ones (a process mimicking heterochromatic spreading *in vivo* ([@B47])). However, the central segment containing the bookmarks displays a stable red domain (Figure [5A](#F5){ref-type="fig"} and [B](#F5){ref-type="fig"}).

![Asymmetric interactions and bookmark excision but not DNA replication affect the epigenetic landscape. (**A** and **B**) Here we consider the case in which blue-blue interactions are stronger than red-red ones. We set ϵ~blue~ = 1*k*~B~*T* and ϵ~red~ = 0.65*k*~B~*T* with *f* = 2. The central region of a chromatin segment *L* = 2000 beads long is initially patterned with bookmarks at density ϕ = 0.1 \> ϕ~c~ (this region is indicated in the kymograph by an orange arrowhead). Blue beads invade non-bookmarked regions thanks to the thermodynamic bias whereas the local red state is protected by the bookmarks. (**C** and **D**) The chromatin fibre undergoes replication cycles which extensively perturb the pattern of PTM of histones on chromatin. A semi-conservative replication event (R) occurs every 10^5^ τ~*Br*~ and half of the (non-bookmarked) beads become grey. The epigenetic pattern is robustly inherited. (**E** and **F**) The chromatin fibre undergoes semi-conservative replication followed by excision of bookmarks (R+E). At each time, 1/4 of the initial bookmarks are removed and turned into grey (recolourable) beads. The epigenetic pattern is inherited until ϕ \< ϕ~c~. At this point, the central red domain is either immediately lost (not shown) or it can be sustained through some replication cycles (F) by local memory (LM). See also Suppl. Movie 5 for a direct comparison of the behaviour with and without bookmarks.](gkx1200fig5){#F5}

Bookmark excision but not DNA replication destabilizes the epigenetic landscape {#SEC3-7}
-------------------------------------------------------------------------------

We next asked whether the epigenetic pattern established through GBM is also stable against extensive perturbations such as DNA replication. In order to investigate this scenario we simulated semi-conservative replication of the chromatin fibre by replacing half of the (non-bookmarked) beads with new randomly coloured beads ([@B27]). In Figure [5C](#F5){ref-type="fig"} and [D](#F5){ref-type="fig"}, we show that our model can 'remember' the established epigenetic pattern through multiple rounds of cell division. Importantly, the combination of 'memory' and local epigenetic order (via bookmarks) may allow cells to display 'epialleles', i.e. alleles with different transcriptional behaviours thus explaining local (or '*cis*-') memory ([@B27],[@B81]).

We next considered a set-up relevant in light of recent experiments in *Drosophila* ([@B53],[@B82]), where the role of polycomb-response-elements (PREs) in epigenetic memory was investigated. In these works, polycomb-mediated gene repression was perturbed as a consequence of artificial insertion or deletion of PREs. In Figure [5](#F5){ref-type="fig"} we thus performed a simulated dynamic experiment where replication was accompanied by random excision of bookmarks ([@B53]) (Figure [5E](#F5){ref-type="fig"} and [F](#F5){ref-type="fig"}); in practice, we remove one-fourth of the initial number of bookmarks at each replication event. Then each 'cell cycle' successively dilutes the bookmarks which at some point can no longer sustain the local red state and the region is consequently flooded with blue marks.

Importantly, the system does not display immediate loss of the red domain as soon as ϕ \< ϕ~c~; on the contrary, this domain is temporarily retained through local memory (see Figure [5F](#F5){ref-type="fig"}, LM) ([@B9],[@B27],[@B81]). This originates from an enhanced local density of marks together with the positive read/write feedback (see SM). \[The persistence of the local memory can be tuned via the parameters of our polymer model.\] These results are again consistent with experiments, as regions of the *Drosophila* genome marked with H3K27me3 are only gradually lost after PRE excision ([@B53]). Similarly, epialleles have been observed to be temporarily remembered across cell division ([@B81]).

We finally highlight that the results presented in Figure [5](#F5){ref-type="fig"} are independent on the chosen initial configuration. In SM ([Supplementary Figures S4 and S5](#sup1){ref-type="supplementary-material"}) we show that starting from a collapsed and epigenetically disordered chromatin (CD phase), resembling heavily condensed and sparsely marked mitotic structures, leads to the same behaviour and strongly supports the robustness of our findings.

Chromosome-wide simulations predict the epigenetic landscape in *drosophila* {#SEC3-8}
----------------------------------------------------------------------------

Simplified models considered thus far are useful to identify generic mechanisms; we now aim to test our model in a realistic scenario. To do so, we perform polymer simulations of the whole right arm of chromosome 3 in *Drosophila* S2 cells.

Bookmarks (orange, in Figure [6](#F6){ref-type="fig"}) are located on the chromosome using PSC ChIP-Seq data ([@B54]), as PSC binds to PREs during inter-phase and mitosis ([@B54]) as well as recruiting PRC2 (via molecular bridging). Some other beads are permanently coloured according to the '9-state' Hidden Markov Model (HMM, ([@B60])). If they correspond to gene deserts (state 9), promoter/enhancers (state 1) or transcriptionally active regions (states 2-4) they are coloured grey, red and green, respectively. We further introduce an interaction between promoter and enhancer beads to favour looping, plus, an attractive interaction between gene desert (grey) beads mimicking their compaction by H1 linker histone ([@B28]) (see SM for full list of parameters). The remaining 20% of the polymer is left blank and these 'unmarked' beads are allowed to dynamically change their chromatin state into heterochromatin (blue) or polycomb (purple) according to our recolouring scheme.

![GBM alone is able to recapitulate the distribution of polycomb marks in *Drosophila* S2 cells. Here, we perform chromosome-wide simulations of Ch3R of Drosophila S2 cells at 3 kb resolution (*L* = 9302) with GBM. (**A**) The location of PSC/PRE (bookmarks) are mapped onto beads using ChIP-Seq data from Ref. ([@B54]). Using the '9-states' HMM data ([@B60]), gene deserts (regions lacking any mark in ChIP-seq data, state 9), promoter/enhancers (state 1) and transcriptionally active regions (states 2--4) are permanently coloured grey, red and green, respectively. The remaining beads (∼20%) are initially unmarked (white) and may become either heterochromatin (blue) or polycomb (purple). (**B**) *In silico* ChIP-seq data for H3K27me3 (top half, purple lines) is compared with *in vivo* ChIP-seq ([@B60]) (bottom half, grey line). Small orange arrows at the top of the profile indicate the location of the bookmarks. The excellent quantitative agreement between the datasets is captured by the Pearson correlation coefficient ρ = 0.46 -- to be compared with ρ = 0.006 obtained between a random and the experimental datasets. We highlight that not all the bookmarked beads foster the nucleation of H3K27me3 domains (see big purple/orange arrowheads in the insets, corresponding to the HOX cluster). The reason can be found by analysing the 3D conformations of the chromosome (**C**). The non-nucleating bookmarks (orange arrowheads), although near in 1D, are found far from potential target beads in 3D space (purple arrowheads) and so fail to yield large H3K27me3 domains. See also Suppl. Movie 6 for a direct comparison of the results with and without bookmarks.](gkx1200fig6){#F6}

We evolve the system to steady state and we evaluate the probability of finding a Polycomb mark at a certain genomic position. \[To determine these probability, a bookmarked bead is counted as bearing the H3K27me3 mark when it is near beads with polycomb marks, or within large stretches of bookmarked beads.\] This provides us with an *in silico* ChIP-seq track for Polycomb marks which can be compared with *in vivo* ChIP-Seq data ([@B60]) (see Figure [6](#F6){ref-type="fig"} B). The two are in excellent agreement (Pearson correlation coefficient ρ = 0.46, against ρ = 0.006 for a random dataset).

Remarkably, not all bookmarked segments (orange) are populated by Polycomb marks; instead we observe that H3K27me3 spreading requires appropriate 3D folding (Figure [6B](#F6){ref-type="fig"} and [C](#F6){ref-type="fig"}, insets). Bookmarks which do not contact other bookmarks due to the local epigenetic landscape do not nucleate H3K27me3 spreading. Again, this is consistent with 3D chromatin conformation being crucial for the spreading and establishment of epigenetic patterns ([@B11],[@B42],[@B45]).

DISCUSSION {#SEC4}
==========

We proposed and investigated a new biophysical mechanism for the *de novo* establishment of epigenetic domains and their maintenance through interphase and mitosis. Our simplest model requires only one element: a positive feedback between readers (e.g. binding proteins HP1, PRC2, etc.) and writers (e.g. methyltransferases SUV39, EzH2, etc.).

We performed large-scale simulations in which chromatin is modelled as a semi-flexible bead-and-spring polymer chain overlaid with a further degree of freedom representing a dynamic epigenetic patterning. Specifically, each bead is assigned a colour corresponding to the local instantaneous epigenetic state. Readers are implicitly included by setting an attraction between like-coloured beads ([@B65],[@B72]), whereas writers are modelled by performing re-colouring moves according to realistic and out-of-equilibrium rules ([@B26],[@B34]) (see Figure [1](#F1){ref-type="fig"}).

We find that, if read-write positive feedback is sufficiently strong, a single histone mark can spread over the whole fibre and drives a discontinuous transition to a collapsed-ordered state (see Figure [2](#F2){ref-type="fig"}). This state is stable and robust against extensive perturbations such as those occurring during replication ([@B5],[@B17],[@B40]), when most histones are removed or displaced ([@B2],[@B17],[@B23]). In other words, our model displays 'epigenetic memory'.

The main limitation of this simple model is that epigenetic order in real chromosomes is local, rather than global. Distinct epigenetic domains coexist on a chromosome, thereby forming an 'heterogeneous' epigenetic pattern. Our main result is that this feature of real chromosomes can be reproduced by our model when we include genomic bookmarking (GBM).

Here, we envisage bookmarks which can perform functions typical of many TFs: they recruit read/write machineries, and hence nucleate the spreading of epigenetic marks and the establishment of epigenetic domains. We also assumed that bookmarking TFs are permanently bound to DNA, however our conclusions should hold even for dynamic bookmarks that switch between bound and unbound state ([@B50],[@B83]).

We find that stable domains can be formed with only one type of bookmark when the competing epigenetic mark is thermodynamically favoured (Figure [5](#F5){ref-type="fig"}). This result rationalises the common understanding that heterochromatin can spread at lengths (blue mark in Figure [5A](#F5){ref-type="fig"} and [B](#F5){ref-type="fig"}) and it is stopped by actively transcribed (bookmarked) regions. Further, it is in agreement with recent genome editing experiments in *Drosophila*: when PRE is inserted into the genome, it provides a bookmark for H3K27me3 which leads to spreading of that mark ([@B53]), whereas PRE excision leads to (gradual) loss of the mark ([@B53]) (Figure [5](#F5){ref-type="fig"}). Additionally, the expression of HOX and other Polycomb-regulated genes (which contain multiple PREs) is predicted by our model to be less sensitive to deletion of single PREs ([@B84]). We suggest that this is because domains remain stable if bookmark density is kept above the critical threshold (Figure [4](#F4){ref-type="fig"}).

Our results strongly suggest that bookmarks can establish specific epigenetic domains by exploiting the local diffusion of chromatin and thereby 'infecting' 3D-proximal chromatin segments. The local increase in the density of a mark is then stopped either by thermodynamics (Figure [5A](#F5){ref-type="fig"}) or competition with other bookmarks (Figure [3B](#F3){ref-type="fig"}). Crucially, our model does not require any boundary element to stop the spreading of marks, which is instead self-regulated.

Losing bookmarks (via artificial excision or DNA mutation) will thus impair the ability of cells to inherit the cell-line-specific epigenetic patterns. In addition, we argue that newly activated bookmarks (for instance subsequently to inflammation response or external stimuli ([@B13],[@B14],[@B85])) may drive the *de novo* formation of transient epigenetic domains which allow the plastic epigenetic response to environmental changes.

We show that our model can recreate the pattern of H3K27me3 in *Drosophila* S2 cells starting solely from the position of PSC proteins acting as Polycomb bookmarks Intriguingly, our simulations show that not all bookmarks end up in H3K27me3 domains; whether or not they do, depends on their network of chromatin contacts in 3D. This is agreement with recent experiments ([@B11],[@B42],[@B45]) and it is also reminiscent of the well-known position effect according to which the activity of a gene depends on its local environment ([@B14]).

While our framework can be directly applied to model competition between repressive epigenetic marks, the deposition of active marks may be better modelled as resulting from a co-transcriptional positive feedback loop. In light of this, in the SM we show that a model with thermodynamically favoured heterochromatin competing with local recolouring due to transcription leads to results that are qualitatively similar to those presented in the previous sections, as long as promoters are seen as bookmarks for active marks (see SM for more details).

Our results also prompt several further questions. First, starting from a stem cell, how might different cell lineages be established? We suggest that environmental and morphological cues trigger production of lineage-specific bookmarks such as GATA ([@B56]) and PSC ([@B54]), which nucleate the positive feedback between readers and writers to generate and sustain new cell-line specific epigenetic patterns (Figure [7](#F7){ref-type="fig"}). Thus, bookmarks are here envisaged as key elements that should be targeted in order to understand, and manipulate, cellular differentiation. Second, how might reprogramming factors like Nanog work? We argue that their binding can 'mask' the action of pre-existing bookmarks, thereby allowing the establishment of new epigenetic patterns ([@B58]) (see also BioRxiv: <https://doi.org/10.1101/127522>).

![Model for Cellular Differentiation. We speculate that cellular differentiation may be driven by a two-step process. First, sequence-specific factors (bookmarks) are expressed as a consequence of environmental and positional cues. Second, the positive feedback set up by read/write machineries drives the establishment and maintenance of tissue-specific epigenetic patterns. As a consequence, genomic bookmarks are key targets to understand cellular differentiation and reprogramming.](gkx1200fig7){#F7}

In conclusion, we have extended the existing notion of GBM to include the ability of nucleating the spreading of epigenetic marks by triggering *local* read/write feedback loops. This model predicts the *de novo* establishment of heterogeneous epigenetic patterns which can be remembered across replication and can adapt in response to GBM-targeted perturbations.

Within our framework, architectural elements such as CTCF ([@B2]), Cohesins ([@B63]) and SAF-A ([@B75]) may provide the initial 3D chromatin conformation upon which the GBM-driven establishment of epigenetic landscape takes place.
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